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Summary

The quotient rule is one of three central techniques of differentiation, allowing you to differ-
entiate any quotient of two differentiable functions. This guide introduces the quotient rule
and explains examples of where it is used, as well as use the quotient rule to find some more

derivatives of trigonometric functions.

Before reading this guide, it is recommended that you read Guide: Introduction to differenti-

ation and the derivative.

What is the quotient rule?

In Guide: Introduction to differentiation and the derivative, you saw how valuable the idea of
a derivative of a function is in determining the behaviour of that function. For instance, the
derivative can be used to show if a function is increasing or decreasing at a point. Differenti-
ation is commonly used in many subjects (physics, chemistry, biology, economics to name a
few) to analyse behaviour of systems that change, and equations involving derivatives can be

solved to explain this behaviour.

It was mentioned in that same guide that you are able to differentiate certain combinations
of functions, such as the sum and difference of two functions, or scalar multiple of a single
function. You need extra techniques to differentiate products, quotients, and compositions of

functions; you will need the product rule, quotient rule, and chain rule respectively.

This guide will look at the quotient rule for differentiation in order to find the derivative
of a quotient u(z)/v(x) of two functions. This guide explains the rule, where it comes from,
how it can be used, and how you can apply its techniques to functions to find more derivatives

of trigonometric functions via the reciprocal rule.

The summary table of key derivatives from Guide: Introduction to differentiation and the

derivative is reproduced here for reference:

Function f(x) Derivative f’(x) Notes

flz) =c f(x) =0
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Function f(x) Derivative f’(x) Notes

Statement of the quotient rule

Here is the statement of the quotient rule:

1 The quotient rule

Let u(z) and v(z) be two differentiable functions. Then the quotient rule says that

<E>, o) = 4 (Zg;) o (2)o(z) — u(@)v (z)

o/ T da - (v(x))?

that is, the derivative of u(x) divided by v(x) is equal to the difference of u’(x)v(x)
and u(x)v’(z), divided by the square of the function v(x).

This can also be written as

Warning

Because of the minus sign in the numerator, it's really important that you get these
derivatives in the right order! If you do not do this, you will end up with the negative of

the correct answer.

@ Tip

The discovery of the quotient rule is often credited to Gottfried Leibniz (link to Mactutor

biography, external site), one of the co-founders of calculus (along with Isaac Newton).

Unlike the product rule, the choice of functions for the quotient rule is prescribed; u(x) is the

numerator and v(z) is the denominator.


https://mathshistory.st-andrews.ac.uk/Biographies/Leibniz/
https://mathshistory.st-andrews.ac.uk/Biographies/Leibniz/

Sometimes f(x) and g(x) are written instead of u(z) and v(x) in the statement of the
quotient rule. The reason that u(z) and v(x) is used here is that sometimes the function

itself is called f(x); and you then can't use it again!

To see why this really is the derivative of the quotient of two functions, please see [Proof

sheet: Rules of differentiation.]

Examples
1 Example 1
3
What is the derivative of y = —7
e

In this case, you have a quotient of two functions making y. The two functions are
determined to be u(xz) = 23 and v(x) = €. In order to use the quotient rule on ¥,
you could differentiate u(x) and v(z) beforehand and then substitute them into the

statement of the quotient rule. Doing this gives

= For u(x) = 23, then u/(x) = 322 by the power rule.

= For v(x) = €”, then v'(z) = €*.

Putting these into the statement of the quotient rule gives

dy d (u(z)) u'(z)v(zr)—u(z)v(v)
dr ~ dz (v(x)) N
(32%)(e”) — (2°)(e”)
(e*)?
3x2e® — z3e”
(e”)?

and this is your answer. You can use the laws of indices to change the denominator

to €2 if you wanted to.

You don't need to be so rigorous in your own working. Here's another example of using the

quotient rule.



1 Example 2

1
What is the derivative of f(x) = n(;z:) with respect to z?
T

You can use the product rule on f(x) to differentiate with respect to x. You can
infer that u(x) = In(z) and v(x) = x°. Differentiating both with respect to = gives
v (x) = 1/x and v’ (x) = 5a%. Putting these into the statement of the quotient rule

gives

() d (uEm)) _ u/(x)v(xz(;)uQ(x)v’(x)

x* —5xtIn(z) 1—5In(x)
210 - 26

and this is your answer. Here, the answer has been simplified by using the laws of

indices.

@ Tip

You don't always need the quotient rule to differentiate the quotient of two functions if
this expression can be written in a different way.

For instance, the function in Example 2 is

which, by the laws of indices (see Guide: Laws of indices), is equal to

f(x) = M =2 In(z)

x5

You can then use the product rule on this expression if you wanted to; in fact, Example 5
of Guide: The product rule shows this working in full. You can check and see that these

are exactly the same answer!

In fact, Example 1 can also be written as the product of two functions; here, y = x?’/ew =

T

3¢~ You might then be thinking; what is the use of the quotient rule if you can always

do this? The fact is you can’'t — the laws of indices do not apply to all functions. Here's an

example of this behaviour.
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1 Example 3

Find the derivative of the function f(z) = :
In(x)

Here, you can see that the denominator is something that is not a power; so you can't

use laws of indices on this function to write it as a product.

You can use the quotient rule on f(x) to differentiate with respect to x. You can

infer that u(x) = z° and v(z) = In(z). Differentiating both with respect to = gives

u/(x) = 52* and v/(z) = 1/x. Putting these into the statement of the quotient rule

gives

o= (u(a:)) o (2)o(x) — ulz) (z)

T dz v(x) (
(52%)(In(x)) — (=°) ()
(In(z))?

_ bztln(z) —x
)2

- (n(2))

N

and this is your final answer.

Warning

Examples 2 and 3 together show that, in general, the derivative of 1/ f(x) does not equal
1/f'(x). You can find the derivative of 1/f(z) using the quotient rule; see Example 6

for more.

Here's an example which combines two separate differentiation rules; both the sum rule and

the quotient rule.



i Example 4
sin(t)

Find the derivati f the functi t) = —.
in e derivative of the function f(¢) I

You can't split this fraction up into pieces, as the plus sign is in the denominator. You
will need to use the sum rule when differentiating this in the quotient rule, however.
To use the quotient rule, you have u(t) = sin(t) and v(t) = e* +t3. Then u/(t) =
cos(t) and v/ (t) = et + 3t2.

d ( sin(t) > _ u (t)v(t) —u(t)v'(t)
dt \ et + ¢3 (v(t))?

cos(t) (et + t3) —sin(t) (et + 3t2)
(et +3)

and this is your final answer.

Applications of the quotient rule

You can use the quotient rule to work out some derivatives of some other trigonometric

functions. In Guide: Trigonometry (radians), you saw that

sin(x) 1 1 1 cos(x)

tan(x) = sec(z) = cse(x) = cot(x) = =

cos(x) cos(x) sin(x) tan(z)  sin(x)

are four other circular trigonometric functions.

You know how to differentiate sin(x) and cos(x); since both appear in the definition of tan(z),

you can use the quotient rule to work out the derivative of tan(x).


trigonometry-radians.qmd

i Example 5

Find the derivative of tan(z) with respect to x.

First of all, you can write tan(x) = s1nix)). Using the statement of the quotient rule,
cos(x
you can say that u(x) = sin(x) and v(x) = cos(x); this means that u’(z) = cos(x)
and v'(z) = —sin(z). Putting these into the statement of the quotient rule gives
d d (sin(z) u'(z)v(z) — u(z)v'(x)
— (tan(x)) = — = 5
dz dz \ cos(x) (v(z))

_ (cos(z))(cos(x)) — (sin(x))(—sin(z))
(cos(x))?
_ cos?(z) + sin®(z)

cos?(x)

Now, using trigonometric identities (see Guide: Trigonometric identities (radians)),

you know that cos?(x) + sin®(z) = 1, and so

x cos?(x) T cos2(z) sec”().

| Important

You should remember this result.

For the other three circular trigonometric functions sec(x), csc(x) and cot(x), you could use
the quotient rule to differentiate these individually. However, all of them have the same form;
they are 1/f(x) for some function f(x). These are known reciprocals of functions. If you
can use the quotient rule to demonstrate a general formula for the derivative of 1/f (), you
can not only use this general formula to differentiate sec(x), csc(z) and cot(z), but any
other reciprocal function. This is a common technique amongst mathematicians; find the
most general formula possible to apply to as many situations as you can. Let's take a look at
the reciprocal rule:


trigonometricidentities-radians.qmd

1 Example 6 (reciprocal rule)
You can use the quotient rule to prove the reciprocal rule, which says that if f(x)
is not equal to O for all x, then

() = e

The function you are trying to differentiate is 1/f(x), so you can use the quotient
rule with u(z) =1 and v(z) = f(z). As 1 is a constant, it follows that u’(z) = 0.
You can say that v’(x) = f’(x). Putting these into the quotient rule gives:

di (f(1 )) ' (x)u() — u(z)v (x)

and this is exactly the reciprocal rule.

@ Tip

You could also use the chain rule to prove the reciprocal rule is true. See Guide: The

chain rule for more.

You can now use the reciprocal rule to find the derivatives of sec(x), csc(x) and cot(x).
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i Example 7

1
———, you can use the reciprocal rule with f(x) = cos(x) (so f'(x) =
cos(x)

—sin(z)) to say that

d (;) _ —(—sin(z)) _ sin(x))

For sec(x) =

= sec(z) tan(x).

dz \ cos(z) cos?(z)  cos?(x)
1 . . .
Next, csc(x) = — @) You can use the reciprocal rule with f(z) = sin(x) (so
sin(z

f/(x) = cos(x)) to write that

d ( 1 ):—(Cos(x))

dz \ sin(z) sin®(z) = — el ot(a).

Finally, you can differentiate cot(x). There are two different ways to do this, based

on how you write cot(x).
. 1 . :
» By writing cot(z) = , you can use the reciprocal rule with f(x) =
tan(z)
tan(x) (so f/(z) = sec?(x)) to get

d ( 1 ):—(secz(:c))

dz \ tan(z) tan?(z)

which, since sec?(z) = 1/ cos?(z) and tan®(z) = sin®(x)/ cos?(z), gives

d( 1 >: —COSQ(:?) 1

dz \ tan(z) cos?(z) sin”(z) _sin2(:c) = —osc(@).

» By writing cot(x) = cos(x)/ sin(x), you can use the quotient rule with u(x) =
cos(x) and v(x) = sin(x). This means that u'(z) = —sin(x) and v'(z) =
cos(x). Then

(—sin(z))(sin(x)) — (cos(x))(cos(z))
(sin(z))?

—(sin*(z) + cos?(z))

sin” (z:)

d
and since sin®(z) + cos?(z) = 1, it follows that . (cot(x)) = —csc?(x).
x




@ Tip

The last of these examples show that you don't need to always use formulas like the

reciprocal rule to find derivatives.

Summary of new derivatives

You can use the scaling and chain rules to find generalized versions of the new derivatives.
Here's an updated table of derivatives that you should remember before any further reading

on differentiation, for real numbers a, b, ¢, n:

Function f(x) Derivative f’(z) Notes
flz) =c f(x) =

fle)=ax+b  f'(zx) =

f(x) = ax” f(x) = n 0
flz) = ae® f(x) =

f(z) =asin(bx) f'(x) = abcos(bx)

f(z) =acos(bx) f'(x) = —ab sin(bx)

f(z) =aln(bz)  f'(z) =

f(x) = atan(bx) f'(x)= ab sec?(bx)

f(x) = asec(br) f'(x) = absec(bx)tan(bx)

f(x) =acsc(bz) f'(x) = —abecsc(bx) cot(bx)

f(z) =acot(bx) f'(x) = —abcsc?(bx)
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Quick check problems

Using the product rule, match the six functions to their derivatives with respect to . One of

the derivatives given does not match a function; you should circle the odd derivative out.

Function Derivative

322 22 cos(3x) + 322 sin(3x)
cos(2x) cos?(3x)

213 62 cos(2z) + 622 sin(2z)
sin(3z) cos?(2x)

3z2 62 sin(2z) — 622 cos(2z)
sin(2x) sin” (2x)

x? 22 sin(3x) — 322 cos(3x)
sin(3z) sin” (3x)

z? 622 sin(3z) — 623 cos(3x)
cos(3z) sin” (3z)

33 62 cos(2z) + 622 sin(2z)
cos(2x) sin” (2x)

922 cos(2z) + 623 sin(2z)
cos?(2x)

Further reading

For more questions on the subject, please go to Questions: The quotient rule.

For more about techniques of differentiation, please see Guide: The product rule, and Guide:

The chain rule.

For more about why the rules and techniques of differentiation are true, please see Proof sheet:

Rules of differentiation.
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Version history

v1.0: initial version created 05/25 by tdhc.
This work is licensed under CC BY-NC-SA 4.0.
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