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Summary
Matrices are rectangular arrays of mathematical objects with entries arranged in rows and columns. Matrices are a very useful concept within mathematics and statistics. You’ll see them used for solving simultaneous equations, modelling data in several variables, and much more. This guide will explain how multiplication of special kinds of matrices work.
Before reading this guide, it is strongly recommended that you read Guide: Introduction to matrices and Guide: Matrix multiplication.
As seen in Guide: Matrix multiplication, the idea of matrix multiplication is a key skill in the study of linear mathematics. If  are matrices, the idea for the th entry of their product  is to find a ‘product’ of the th row of  by the th column of . This is done by matching entries in the th row of  to entries in the th column of , multiplying the matched entries, and adding them all together.
Mastering matrix multiplication can make your life much easier in many different mathematical aspects. As an example, if you have read Guide: Introduction to solving simultaneous equations then one way of thinking of matrices is as an array encoding the coefficients of the variables of your simultaneous equations. You can then use matrix multiplication to rewrite your simultaneous equations and use matrix methods to solve them: either by row-reduction (see [Guide: Introduction to row-reduction]) or by using matrix inverses (see [Guide: Matrix inverses]). The way this is facilitated is by multiplying a matrix by a vector of variables, which is equal to a vector of answers. This is a special kind of matrix multiplication because of the matrices involved.
This guide looks at matrix multiplication with the special matrices introduced in Guide: Introduction to matrices: vectors, zero and identity matrices, upper- and lower-triangular matrices, and diagonal matrices.
Matrix multiplication with vectors
As you saw in Guide: Introduction to matrices, a matrix with exactly one column and any number of rows is called a column vector, which is often shortened to vector. Vectors are important because they represent positions in co-ordinate systems; they are usually given by lowercase letters in bold fonts  (when typed), or underlined  (when using a pen and paper). See Guide: Introduction to vectors for more.
Example 4 in Guide: Matrix multiplication shows that a  matrix multiplied by a a  vector gives a  vector. This behaviour is true in general:
	[image: /Applications/quarto/share/formats/docx/note.png]  Product of matrix and a vector

	The product of an  matrix  with an  vector  is an  vector .



 
	[image: /Applications/quarto/share/formats/docx/tip.png]  Tip

	What this means is that a  matrix maps a point in -dimensional space to a point in -dimensional space. You can see this in Example 4; the  matrix  took a point in -dimensional space to a point in -dimensional space. This is the idea of a matrix acting as a linear transformation; see [Guide: Matrices as linear transformations] for more.



One important application of matrix multiplication of a matrix with a vector is in solving simultaneous equations. This involves multiplying a multiplying a matrix by a vector, , where the entries are variables.
	[image: /Applications/quarto/share/formats/docx/note.png]
	Example 1
Let’s explore the equation  for

You can look at the product of  and  here. Doing this gives

So the equation  becomes

As two vectors are equal if and only if their entries are equal, the equation  is equivalent to the following set of simultaneous equations:

You can solve for  and  in , using tools you can learn in Guide: Introduction to solving simultaneous equations. You’ll see this solved in Example 1 of that guide.
Conversely, you can write any set of simultaneous equations as the product  where:
·  is a matrix orresponding to the coefficients attached to variables of the equations
·  is a vector of variables
·  is a vector of answers to the equations.
For instance, the set of simultaneous equations

can be written as  where
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	In fact, you can use matrices multiplied by vectors to help find solutions (if they exist) to any number of linear equations in any number of variables. This technique of solving simultaneous equations is based on a set of matrix operations known as row-reduction and you can find out more about it in [Guide: Introduction to row-reduction].
Typically, if you have  many equations in  many variables, then this is represented by an  matrix of coefficients multiplying an  column vector of variables to output an  column vector of answers.



Let’s see this in action where the matrix isn’t square to begin with:
	[image: /Applications/quarto/share/formats/docx/note.png]
	Example 2
The matrix equation  for

can be written as a system of  equations in  variables. Evaluating the product gives

So the equation  becomes

As two vectors are equal if and only if their entries are equal, the equation  is equivalent to the following set of simultaneous equations:

You can write any number of linear equations in any number of variables as a matrix product. For instance, the system of linear equations:

can be written as  where

You can notice here that for three equations in five variables, the coefficient matrix is represented by a  matrix. This is true in general: for  equations in  variables, the coefficient matrix is an  matrix.


Matrix multiplication with zero and identity matrices
You saw in Guide: Introduction to matrices that two other special kinds of matrices are
·  zero matrices  where all the entries in an  matrix are , and
·  identity matrices  where the entries in an  matrix are ’s down the main diagonal and ’s everywhere else.
These matrices play the same role respectively that the numbers  and  do in multiplication of numbers. Where the multiplication is defined, you’d expect any matrix multiplied by a zero matrix to equal another zero matrix, and any matrix multiplied by an identity matrix to not change at all. This is the exact behaviour that happens:
	[image: /Applications/quarto/share/formats/docx/note.png]  Matrix multiplication with zero and identity matrices

	Let  be any  matrix.
1. If  is the  zero matrix, then  is the  zero matrix. Similarly, if  is the  zero matrix, then  is the  zero matrix.
1. If  is the  identity matrix, then . Similarly, if  is the  identity matrix, then .



For explanations as to why these results are true, please see [Proof sheet: Properties of matrix arithmetic].
	[image: /Applications/quarto/share/formats/docx/warning.png]  Warning

	Although it is true that the product of any matrix with a zero matrix is a zero matrix, it’s not true that if the product of two matrices is a zero matrix, then at least one of the matrices is a zero matrix. See Example 7 for more on this.
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	Example 3
Let  be the following  matrix:

It follows that if  is the  zero matrix, then

But you absolutely don’t have to write out all of the working for this! It is enough to write something like

which saves you from writing out at least 42 zeroes - and more if you show working!
If  is the  identity matrix, then




Matrix multiplication with other special matrices
The other kinds of special matrices that you saw in Guide: Introduction to matrices were square matrices, upper triangular and lower triangular matrices, and diagonal matrices.
These are special because all of these types of matrices are said to be closed under matrix multiplication. Unlike general matrix multiplication, which could have matrices of three different dimensions involved in a product, because all of these types of matrices are square this is not a problem.
Here’s the lowdown.
	[image: /Applications/quarto/share/formats/docx/note.png]  Matrix multiplication with other special matrices

	Let  be any two  square matrices.
1. The products  and  are defined, and both  and  are  square matrices.
1. The matrix power

· exists and is an  square matrix.
1. If both  are upper triangular matrices, then both  and  are upper triangular matrices.
1. If both  are lower triangular matrices, then both  and  are lower triangular matrices.
1. If both  are diagonal matrices, then both  and  are diagonal matrices.



This next example shows part (d) of this statement in detail.
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	Example 4
Let  be the following  diagonal matrices:

Then

Here, you can notice the product of  is the diagonal matrix where each main diagonal entry in  is the product of the corresponding diagonal entries from  and . In fact, this is true in general, for any two  diagonal matrices.
You can apply this to find out the product of matrices :

This shows that there are two non-zero matrices that multiply together to make a zero matrix!
Finally, finding powers of diagonal matrices can be obtained by finding the corresponding powers of its entries. For instance




	[image: /Applications/quarto/share/formats/docx/note.png]  Multiplying diagonal matrices

	Let  be two  diagonal matrices with  and . Then  is an  diagonal matrix with .
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	If two matrices  multiply together to make some zero matrix, this does not guarantee that either of  or  is a zero matrix!
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	As you have seen, multiplying together diagonal matrices is computationally far easier than multiplying together general matrices; compare Example 2 to Example 7! In fact, this is one of the reasons behind the mathematical technique of diagonalizing a square matrix: see [Guide: Introduction to matrix diagonalization] for more.



Quick check problems
1. Decide whether the following statements are true or false.
1. If  is an  diagonal matrix, then  is a diagonal matrix.
1. If  is an  matrix and  is an  column vector, then  is an  column vector.
1. The product of an  upper-triangular matrix with an  zero matrix gives another upper-triangular matrix.
1. Find the product  where

1. You are given the following equation

· Find .
Further reading
For more questions on this topic, please go to Questions: Matrix multiplication with special matrices.
For more about the definition of matrix multiplication, please go to Guide: Matrix multiplication.
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